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We construct a low energy effective Lagrangian for the two-color QCD including 

o ' 

CN ' the "vector" bosons (mesons with J p = 1 and diquark baryons with J p = 1 + ) 

■ in addition to the pseudo Nambu-Goldstone bosons with a degenerate mass M n 



in 

(N 



o 
o 



(mesons with J p = and baryons with J p = + ) based on the chiral symmetry 
breaking pattern of SU(2Nf) — > Sp(2Nf) in the framework of the hidden local 



' symmetry. We investigate the dependence of the "vector" boson masses on the 

p ■ baryon number density \ib- We show that the /x^-dependence signals the phase 

d ; 

r~| \ transition of U(1)b breaking. We find that it gives information about mixing among 
"vector" bosons: e.g. the mass difference between p and to mesons is proportional to 

!^ i the mixing strength between the diquark baryon with J p = 1 + and the anti-baryon. 

^ | We discuss the comparison with lattice data for two-color QCD at finite density. 



PACS numbers: 11.30.Rd, 12.39.Fe, 05.70.Fh 



1. INTRODUCTION 

X 

Quantum chromodynamics (QCD) shows various phases under extreme conditions. At 
very high temperature and/or density, the phase structure can be studied with perturbative 
approaches. However, it is difficult to study it especially near the critical temperature and/or 
density directly from QCD, because of the strong coupling. Lattice QCD simulation is one 
of powerful theoretical tools, but it is not applicable in the finite density region due to 
the sign problem The problem in simulations of real-life QCD at finite baryon density 
produces interest in the two-color QCD with quarks in the fundamental representation 2|,|3(, 
the QCD with quarks in the adjoint representation 3|, |4(, and so on, that are free from the 
sign problem. In particular, two-color QCD has some interesting features in the following 
respect: Color-singlet baryons appear together with ordinary mesons as Nambu-Goldstone 
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(NG) bosons associated with the spontaneous breaking of the chiral symmetry and their 
interactions are determined uniquely by the low-energy theorem. This allows us to construct 
low-energy effective theories including the baryons as light degrees of freedom naturally, and 
to investigate properties of hadrons even at finite baryon density using them. Furthermore, 
because there are many studies of the lattice QCD simulations, we can make a comparison 
of results from effective theories with those from the lattice analyses js-7|. 

Actually, in two-color QCD, the phase structure at finite baryon number density fig was 
studied |3j] using the chiral Lagrangian including the pseudo-NG bosons, having masses of 
M n , which are associated with the chiral symmetry breaking of SU(2Nf) — > Sp(2Nf). It 
was shown that the phase transition from the symmetric phase of the baryon number U(1)b 
to the broken phase takes place at /i# = M n , triggered by the condensation of the baryonic 
pseudo-NG bosons. There, the density dependences of the masses of pseudo-NG bosons are 
also studied and it was found that a baryonic boson becomes the massless NG boson in the 
U(1)b broken phase. 

The density dependences of "vector" bosons (In this paper we call "vector" bosons which 
consist of mesons with J p = 1~ and diquark baryons with J p = 1 + .) are studied in the 

nn flfi 

lattice simulation |6|, 17J. It was shown that the mass of "p" meson decreases with /ig p, 17J, 
and that the mass of anti-baryon with J p = 1 + increases linearly with fig for /i# < M n 
while that of baryon decreases linearly |7j. For /i# > M n , the baryon mass is not yet clearly 
confirmed. On the other hand, the behaviors of the masses were also studied in an effective 
model 8] . It is interesting to study the masses in a general effective model which can include 
several models with the parameters chosen suitably. 

In this paper we construct a low energy effective Lagrangian for the two-color QCD 
including the "vector" bosons (mesons with J p = 1~ and diquark baryons with J p = 1 + ) 
in addition to the pseudo-NG bosons (mesons with J p = 0~ and baryons with J p = + ). 
The effective Lagrangian is composed based on the chiral symmetry breaking pattern of 
SU(2Nf) — > Sp(2Nf) in the framework of the hidden local symmetry (HLS) 9Mll|. and 
the "vector" bosons are introduced as the gauge bosons of the Sp(2Nf) HLS. The HLS is 



equivalent to other models for "vector" bosons such as the CCWZ matter field 
tensor field 



13] and the Massive Yang-Mills field 



the systematic derivative expansion in the HLS 



14 
11 



12|, the 



. Furthermore, it is possible to perform 



15Ml7l| , which allows us to study the 



parameter dependences of the masses at finite density in a systematic way. 
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We study the vacuum structure of the model in the case of Nf = 2 using the leading order 
Lagrangian, and show that the flavor-singlet "cu" -meson carrying J p = l~ has a vacuum 
expectation value in the time component. As a result, the phase structure is the same as 
the one determined by including only the pseudo-NG bosons |3{] : For p B > M n , a baryonic 
pseudo-NG boson ( J p = + state) condenses, which causes the spontaneous breaking of the 
baryon number symmetry, U(1)b- We show that the mass of the anti-baryon (baryon) with 
J p = 1 + increases (decreases) for fi B < M n and turns to decrease (increase) for fi B > M n . 
These behaviors signal the phase transition of U(1)b breaking. The effect of higher order 
terms is shown to make p and u meson masses decrease for llb > M n consistently with 

n q 

lattice data [6|, |7j. Furthermore, the mass difference between p and 00 mesons is proportional 
to the mixing strength between the diquark baryon with J p = 1 + and the anti-baryon. 

The paper is organized as follows. In section [2] we construct the chiral Lagrangian based 
on the HLS. The vacuum structure and the //^-dependences of the masses are studied at 
the leading order in section [3j In section H] we show the effects of higher order terms to the 
masses and mixings. Section [5] is devoted to a summary and discussions. Several intricate 
calculations and useful formulas are summarized in Appendices lATICl 



2. HLS MODEL IN TWO-COLOR QCD 

Let us construct a low energy effective Lagrangian including NG bosons associated with 
the spontaneous chiral symmetry breaking SU(2Nf) — > Sp(2Nf), following Ref. 

In the following we divide the hermitian generators, {T A } of SU(2Nf) normalized as 
tr[T A T B ] = 5 AB /2, into two classes: The generators of Sp(2Nf) denoted by {S a } with 
a = 1, 2Nj + Nj; and the remaining generators of SU(2Nj) by {X a } with a = 1, 2Nj — 
Nf — 1. These generators satisfy the relations 

(S a ) T = (X a ) T = -SX a S, (2.1) 

where S is a 2Nf x 2Nf matrix satisfying following properties: 

E 2 = -1, S T = |]t = (2.2) 

The chiral symmetry breaking gives 2Nj — Nf — 1 NG bosons tt which are encoded in 
the 2Nf x 2Nf matrix as 

£=£(7r)££ T (7r), (2.3) 
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where 

£(tt) = 7r = 7r a X a , (2.4) 

with the decay constant /„.. Transformation property of £(-7r) under the chiral symmetry 
is given by 

CM -> g£(n)h\n, (/), (/i€ 5p(2iV / ), 5 G SU(2N f )). (2.5) 

From this together with the relations in Eq. ( 12. 1 j) . we see that E transforms linearly under 
the chiral symmetry as 

S g^g T . (2.6) 

The effective Lagrangian including the NG bosons should be invariant under the global 
SU(2Nf) group and under the Lorentz transformation, which is given by 

C= S-tr[{d v Z){d u X*)). (2.7) 

Next, we include the "vector" boson fields * 2 into the Lagrangian based on the hidden 



local symmetry (HLS) [9h11||. We decompose the field £ as 

£ = (2-8) 

where £l is given by 

& = eWe t (T), (^) = e iCT// % <7 = a"£»), (2.9) 

with cr being the NG bosons associated with the spontaneous breaking of the HLS and f a 
the corresponding decay constant. The transformation property of £^ is given by 

a^/W, (2.io) 

where 

h E [Sp{2N f )] local , g e [SU(2N f )) globld . (2.11) 
For constructing the HLS Lagrangian, it is convenient to introduce the field £r by 

& = S(el(x)) T Et = (2.12) 



Note that the NG bosons consist of the mesons with J p = and the (anti-) baryons with J p = + . 
# 2 Here the "vector" boson fields imply the meson fields with J p = 1~ and the (anti-) baryon fields with 
J p = 1+. 
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which transforms as 

t R ^hti R (Xg T ^). (2.13) 

Note that, in the HLS, the entire symmetry G g i bai x -f^iocai is spontaneously broken to its 
subgroup -ffgiobai = |>>p(2iV/)]gi b a i, so that the NG bosons a = a a S a are absorbed into the 
HLS gauge bosons. The basic quantities to construct the HLS Lagrangian are the following 
two Maurer-Cartan 1-forms: 

&±u = [(D U £ R )& - (D„£ L )tl)/(2i), (2.14) 
&\W = l(D v Z R )& + (A,&)&]/(2z), (2.15) 

where the covariant derivatives are read from the transformation properties in Eqs. (I2.10p 
and flZZEHD as 

D^ L = d^ L -iV^ L + i^ L G v> (2.16) 

D^r = d„t R - iV^r + i£ R (fX%X), (2.17) 

with V v = V°S a and G u = G^T A being the i?i oca i gauge bosons and the external gauge 
bosons corresponding to the chiral symmetry (see Appendix |Aj), respectively. These gauge 
bosons transform as 

V v -> V' v = hV u tf + ih(d u h ] ), (2.18) 
G v ^G' u = gG u gi + ig(d v gi). (2.19) 

It should be noticed that in the HLS formalism we can introduce the "vector" bosons V u 
and the external chiral gauge bosons G v independently. Since the covariantized 1-forms a± u 
and a» u in Eqs. (12.141) and ( 12. 15ft transform homogeneously: 

d^H ha u U] (x)h\ (2.20) 

we have the following two invariants: 

fM&u>&±l fM&\\v&\\\- (2-21) 
We introduce the kinetic term of the "vector" bosons: 



1 
2~9 



—tr[V up V up l (2.22) 
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where g is the HLS gauge coupling constant and V vp is the field strength defined by 



V vp = d v V p -d p V v -i[V v ,V p }. 



(2.23) 



In addition, we include the external scalar and pseudoscalar source fields x given in 
Eq. ( 1A.14I) into the Lagrangian. Note that the vacuum expectation value (VEV) of x gives 
the explicit chiral symmetry breaking due to the current quark masses as 



/ 



(X) 



V 





-m qi 


0(N f xN f ) 














0(N f xN f ) 


m g Nf 





\ 



(2.24) 



The x transforms under the chiral symmetry as x ~ ► 9*X9^ ■ ( see Eq. ( 1A.16I) ) Since a\\ v as 
well as a± v transforms homogeneously under the HLS, it is convenient to convert x into a 
field x as 



X = 2G&Ex& 



(2.25) 



where G is a parameter carrying the mass dimension one. x m Eq. ( I2.25|) transforms 
homogeneously under the HLS (see Eqs. (I2.10p and fl 2 . 1 3 [) for the transformation properties 
oHl,r): 



X 



hxh. 



(2.26) 



For convenience, we summarize the transformation properties of the building blocks under 
parity (P), charge-conjugation (C), and HLS in TABLE [H In this table, E c is the 2A^- x 2Nf 
matrix defined as 

/ 1 N 
-In 

which determines the direction of the chiral condensate, i.e. how to embed the Sp(2Nf) into 
SU{2N f ). Q is the 2N f x 2N f matrix given as 



(2.27) 



n = 




(2.28) 
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Building block 


7~> 

r 


c 


HLb 


dj 


{sm c )a\\ u {sm c ) 


~ \\ 


ha" hi 


&l 


-(fiE c )da„(fiE c ) 


&f 


ha u ± tf 


X 




X 


h\h ] 




-nG^n 


—Yi c G u Yi c 


gG v g^ + ig(d v g x ) 



TABLE I: Transformation properties of the building blocks under parity (P), charge-conjugation 
(C), and HLS. 

Then the lowest order term invariant under the P transformation is given by 

ftr[x + X f ]- (2.29) 

where f x is introduced to renormalize the quadratically divergent correction to this term {lsI ]. 
In the present analysis, we introduced this parameter in such a way that the field \ does 
not get any renormalization effect. 

Finally, the HLS Lagrangian with leading order terms is given by 



C = -^ tT ^ V ^ + f >H»\ + ?M & U + f *K + X f ]- (2-30) 



3. VACUUM STRUCTURE AND SPECTRUM OF "VECTOR" BOSONS AT 
NONZERO BARYON CHEMICAL POTENTIAL 

In this section, we study the vacuum structure and examine the effects of nonzero chemical 
potential for the baryon number charge on the spectrum of "vector" bosons in the case of 
Nf = 2. In Table [Til we show the fields included in the present model together with their 
quantum numbers for the SU(2) "isospin" I * 3 , the baryon number charge B * 4 and the 
spin-parity J p . The effect of chemical potential for the baryon number charge is introduced 
as the vacuum expectation value (VEV) of the external chiral gauge boson as 

(CH^f 1 ° \=^B, (3.1) 



2 



-1 



# 3 For Nf — 2 there exists an SU(2) flavor symmetry which we call the "isospin" symmetry. 

^ 4 We follow the convention of baryon number given in Ref. [j] , which is different from the one in Ref. 
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Field 


Generator 


I 


B 


J p 




jrl.2,3 


X l,2,3 


1 





cr 


7Tb_ 


= (vr 5 -ivr 4 )/V2 

V / / v 


(X 5 -iX A )/V2 





+1 


0+ 




_ = (vr 5 + iiT 4 )/V2 


(A^ + iX 4 )/^ 





-1 


0+ 




p l,2,3 = yl,2,3 


5-1,2,3 


1 





1- 




w = V 4 


S 4 








1- 


Vb + 


= (V a + iV?)/V2 


(S a + iSP)/V2 


1 


+1 


1+ 




= (V a - iV?)/V2 


(S a -iSP)/y/2 


1 


-1 


1+ 



TABLE II: Fields corresponding to the mass eigenstates at hb = 0, together with the "isospin" /, 
the baryon number charge B and the spin-parity J p '. Indexes of the "vector" bosons with J p = 1 + 
are taken as (a,/3) = {(5,6), (7,8), (9,10)}. 



where 1 is the 2x2 unit matrix and 




. In the following we restrict ourselves to 



the case where two quarks have the same current quark masses: The VEV of the external 
scalar field in Eq. ( I2.25P takes 



(x) = m q 



m q M. 



(3.2) 



-1 

1 

Here we assume that the spatial rotational symmetry is not broken, so that the relevant 
VEVs of the fields in the unitary gauge of the HLS, o = 0, are reduced to 

(U = (U) = (Vu(x)) = V v = (V , 0). 



(3.3) 



Replacing the fields with three VEVs as above, we obtain the static potential as 



^potential — fa^ 



16 



M 2 f 



tr [{Z\*)BZ(ir)-Z(it)Btf(it)} 

where we use B T = B and M T is the mass of 7rs defined as 

i f 2 

y2 _ - '•'•/.' v 



tr 



r(7r)EM+ (h.c) 



From the stationary condition for Vq, we obtain 



n = f ( e w^w + a*)B? (vf) ) . 



(3.4) 



(3.5) 



(3.6) 
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1.5 




FIG. 1: /^-dependence of the VEV u) in unit of M n as a function of fi B /M 7 



Substituting this into V^, ote ntiai , we have 



^potential — . tr 
Ivo 4 



,2 



■ /v: - ^ {^(f )Be(f) - a^W} 2 + M 2 |e 2 (7f)SM + (h. c ; 



(3.7) 



This is equivalent to the potential term of the chiral Lagrangian for NG bosons analyzed in 
Ref. jsj]. Then, the value of £(7r) which minimizes the potential is obtained as 

m = e™° x * (3.8) 

where X 5 is given in Eqs. flB.6|) and f]B.T|) and the VEV tt 5 is determined as 

vf 5 = V2fJ, (3.9) 

with 

M 2 

6 = 0, (forO < /i B < M w ), cos# = ^, (for fi B > M n ). (3.10) 

Mb 

This means that there is a condensation of the baryonic-NG boson with J p = + and U(1)b 

symmetry is broken spontaneously for \i B > M v . By substituting this VEV into Eq. (13.61) . 
the VEV of the "vector" boson fields V a is determined as 

{y/2u B cos8, (a = 4), 
1 h (3.11) 

0, («^4). 

This implies that the time component of u meson (see Table HT1) has a VEV for any /j, B , as 
in the ordinary three-color QCD. In FIG. [U we plot the /ze-dependence of u> = Vq. This 
shows that the Hi increases with \i B for \i B < M n while it decreases for \i B > M n . 
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We define the masses of "vector" bosons as the energies determined from the zero mo- 
mentum limit of the dispersion relation. We shift the "vector" boson fields as 



VJx) -> VJx) + V v 



(3.12) 



and retain quadratic terms only in Eq. (12.301) . Performing the Fourier transformation and 
taking the low-momentum limit yields 

1 



d x 



1 



2g : 



MVu P v vp ) + fMVuV" 



-> — -V. a (—E) E 2 5 a ? - 2if a ^(V VE + H e f^(V V(V ) s - M 2 S a/3 vf(E) 
2g 2 J l J ■> 

= V 3 a V a ^Vf, (3.13) 
where f a ^ is a structure constant of Sp(i), My is the mass of "vector" boson at \i B = 0; 

M v = gf a , (3.14) 

and V is defined as 



K a (x) 



d 4 k 

Wf 4 



V v a {k)e 



(3.15) 



Using the basis of Sp(4) generators shown in Appendix HU one finds that the matrix T for 
the inverse propagator at zero momentum limit is block diagonal with four lxl terms and 
three 2x2 blocks. The four diagonal lxl terms are composed of V 1 , V 2 , V 3 corresponding 
to the p meson and V 4 corresponding to the u meson. The masses of these states are 
obtained as 

m p ^ = M v . (3.16) 

Three 2x2 blocks for (V 5 , V 6 ), (V 7 , V 8 ) and (V 9 , V 10 ) are identical because of the "isospin" 
symmetry. The 2x2 block for V 5 and V s is obtained as 









J? 



(y. 6 t V?t) I E2 - M v + A cos 2 9 2ip B E cos 9 

-2ifi B Ecos9 E 2 — My + n 2 B cos 2 9 



This matrix is diagonalized by the fields V B+ and V B _ defined in Table |TT] as 





(3.17) 




M 2 



(E — ji B cos ( 




(3.18) 
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FIG. 2: The masses of the "vector" bosons in unit of M n as a function of HB/M n . We use 
My /M n = 4 and g = 1 to make the plot. 

From this, we obtain the masses as 

my B+ = My — n B cos 9, rriy B _ = My + n B cos 9, (3.19) 

where we assumed My > M n , so that My > hb cos 9. 

Let us consider the /z^-dependences of the masses of the "vector" bosons. Equation (I3.16P 
indicates that the ordinary vector mesons with J p = 1~ do not change their masses at all. 
On the other hand, from Eq. (13.191) together with Eq. (13.101) . we find that the mass of the 
baryon (Vb + ) with J p = 1 + decreases for ji B < M n and turns to increase for ji B > M T , and 
the mass of anti-baryon (Vb_) with J p = 1 + shows the opposite behavior. This indicates 
that the phase transition can be observed by seeing the masses of baryons with J p = 1 + . 
We stress that, for any value of the mass eigenstates are given by V# + and Vb_, which 
are nothing but the eigenstates of the baryon number; Vb + carries B = +1 and Vb_ does 
B — — 1. In other words, the baryon with J p = 1 + does not mix with the anti-baryon having 
the same spin and parity, even though the baryon number U(l) b symmetry is spontaneously 
broken for > M n . Note that this feature holds only at the leading order: The mixing will 
generally appear when we include the higher order terms (see the next section). In FIG. El 
we plot the masses of "vector" bosons described in Eqs. (13.161) and (13 . 1 9[) for M v /M n = 4 
as an example. In this figure, we can see the /x^-dependence of the masses of the "vector" 
bosons explained above. 
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4. EFFECT OF HIGHER ORDER TERMS 

In this section, we consider the effects of higher order terms in the hidden local symmetry 
(HLS). In QCD with three colors it is known that, thanks to the gauge invariance of the 
HLS, we can perform the systematic derivative expansion with including vector mesons in 
addition to the pseudo Nambu-Goldstone bosons when the masses of vector mesons are 
lighter than the chiral symmetry breaking scale (the chiral perturbation theory with the 



HLS 
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m 

We adopt the same counting rule in the present case. Generally, there are 32 terms in 
the 0(p A ) HLS Lagrangian We present a complete list of 0{p A ) Lagrangian in 

Appendix Here we include only the terms which do not alter the vacuum structure given 
in Eq. (13. 7p . neglecting the effect of current quark masses at 0{p A ). In this case we have 
only three combinations which give corrections to the "vector" boson masses: 



£(4)i = 2/itr [ dx^dn^d^afi — a± ll 6t^_a\\ u a^ + dj_ M d_i_ i ,ct;j| 1 ajj' 
1 

~ 2 



&± f i&u&±v&'(\ + &±ti&\\v&±&n) ]j (4-1) 



- -z{oix^Oi\\Oix v oc\ + a^awudi^a^) ], (4.2) 
£(4) 3 = y3ti[a± t j - a\\ u a^_a^ — a± fl a^_a\\ u a" + a± tl a± u a^a^ 

- ^(a ±fl a^a± u a^ + a± ll a\\ u a' y ± a^) ], (4.3) 

where y~i, y<i and y^ are coefficients not determined by the HLS. 

We consider the case of Nf = 2 in the following analysis. From the vacuum expectation 
values (VEVs) of £(tt) and V v given in Eqs. ( 13. 8ft and ( 13. lip . VEVs of and a±^ are 
determined as 

(a^) = 0, = V2fx B 5^ sin 9X\ (4.4) 

where X A is the fourth component of the broken generators given in Eq. (IB. 61) . Substituting 
the VEV (oi± ft ) into Eqs. ( I4.ip - (l4.3p we obtain the correction to the masses of "vector" 
bosons as 

0(V 2 ) 

£(4)! + £(4) 2 + £(4) 3 ^ 2/4 sin 2 fl[C 1 tr(lV J I 4 7 J ) - C 2 ti{X A X%V 3 )l (4.5) 
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FIG. 3: /^-dependences of the "vector" boson masses. The curves on the left figure are for 
the degenerate p and oj mesons and those on the right figure are for baryonic and anti-baryonic 
"vector" bosons. We use Mv/M n = 4, C\ = 0, C2 = ±4 and g = 1 to make the curves. Dashed 
(blue) curves stand for C2 = 4. Solid (red) curves stand for C2 = —4. 



where C\ and C2 are certain linear combinations of yi, y~i and y%. Applying the same 
procedure as that in section [3] with the correction in Eq. ( I4.5p . we obtain the masses of p 
meson and u meson as 



M^ + ^-^( gf , B siney, (4.6) 



= \jM v - ( 4. 7) 



The quadratic term for (Vb + , Vb) is obtained as 



(vLvL) 



(E + f i B cos 8) 2 -M 2 + £i( gfiB sm9) 2 ^( 5Ms sin0) 2 ^ ( 



^{g^ B sin 8) 2 (E - fi B cos 6f - M v + ^(gfJ, B sin d) 2 J 



\ 



V b _ 
(4.8) 

The masses of "vector" bosons with J p = 1 + are obtained by diagonalizing the mass matrix 
in Eq. (14.81) . We can see that the mixing between Vb + and Vb_ is related with the mass 
difference between m p and ra w as 

m 2 p -ml = ^-(gfiBsmO) 2 . (4.9) 

Equations ( 14. 6\\ . (14. 7ft and ( 14 .81) show that the corrections to the masses from 0(p A ) terms 
include the factor of sin#, which is zero for //g < M„. Then, the 0(p A ) corrections appear 
only for \i B > M n , where the U(1)b is spontaneously broken. It should be noticed that two 
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FIG. 4: ^-dependences of the "vector" boson masses. The curve on the left figure is for the 
degenerate p and u) mesons and those on the right figure are for baryonic and anti-baryonic "vector" 
bosons. We use Mv/M n = 5/4, C\ = 0, C*2 = 1 and g = 1 to make the curves. 



coefficients C\ and Ci are not determined by the symmetry structure. To study the effect of 
0(p 4 ) corrections we refer to the mass spectra obtained by the lattice simulation in Ref. 
which shows that the masses of p and u mesons are degenerate, and that both of them are 
stable against the change of the chemical potential for ps < M n and decrease for fis > M^. 
From Eqs. ( 14. 6ft and ( 14. 7p the degeneracy of m p and m u is realized for C% = 0, and both m p 
and rriu decrease for Ci > 0. From Eq. ( 14. 5 p together with X 4 X A = 1, the choice of C% — 
and C*2 > implies that the 0(p 4 ) terms provide a negative contribution to all the "vector" 
boson masses equally, and that Vb + and Vb_ do not mix with each other, even though the 
baryon number U(1)b symmetry is spontaneously broken. On the other hand, the choice of 
C\ = and C*2 < implies that the 0(p 4 ) terms provide a positive contribution to all the 
"vector" boson masses equally (see FIG. |3]). The effect of nonzero C\ produces the mass 
difference between m p and m w , and this difference is linked to the mixing strength between 
Vb + and Vb_ as in Eq. (14. 9p . This relation is obtained from the symmetry breaking pattern 
and the assumption that all the bosons other than tc and V are heavy enough to be neglected 
in the Lagrangian. * 5 Thus, a violation of Eq. (14. 9p . when only tt and V are light degrees 
of freedom, may signal a new phase transition. 

We consider the case with My/M^ = 5/4, i.e., relatively heavy its, which corresponds to 
the one in the lattice analysis As an example, we plot the fis- dependence of the "vector" 



# 5 We expect that the contribution of higher order terms such as 0(p 6 ) is small enough. 
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FIG. 5: ^^-dependences of the "vector" boson masses. The curves on the left figure are for the 
p and uj mesons and those on the right figure are for baryonic and anti-baryonic "vector" bosons. 
We use My jM-K = 5/4, C\ = 1, C2 = 2 and g = 1 to make the curves. 



boson masses for C\ = and C2 = 1 together with My/M^ = 5/4 and g = 1 in FIG. HI We 
choose the value Ci — 1 to reproduce the decreasing masses of p and u mesons in the lattice 

n 

data [7[ for p,B > M n . We obtain the result that my B+ increases and my B _ decreases with 
increasing p,B for p,B > M n . The lattice analysis j3] shows that rriy B+ is almost stable against 
the change of /xg, which does not agree with the result of the present analysis. Though any 
clear signal for uiy B _ is not observed. 

We investigate the effect of C\ term to my B+ and my B _ in Eq. (14. 8ft . This term causes 
a mixing between Vb + and Vb_, and makes Tny B {my B _) smaller (larger). At the same 
time, the C\ term produces the mass difference between the p and u mesons (see Eq. (I4.9P ): 
The positive C\ gives the positive correction to m p and the negative one to m w , and the 
negative C% gives the negative correction to m p and the positive one to m w . As an example, 
we plot the /ig- dependence of the "vector" boson masses for G\ — 1 and C2 = 2 together 
with My/M^ = 5/4 and g = 1 in FIG. [5j We set C2 — C\ = 1 to reproduce the decreasing 
mass of p meson in the lattice data |7(, and C\ — 1 to produce 10% decreasing of my B+ at 
P^b/M^ = 1.5. Left panel of FIG. [5] shows that the splitting between m p and m u is large: 
m^j is about half of m p at /is/M^ = 1.5. Thus, our model cannot simultaneously reproduce 
the /i£-dependences of m p , m w and my B+ in the lattice data 

For relatively heavy 7rs, we expect that the masses of "axial-vector" bosons are smaller 
than My + M n which is the largest value of "vector" boson masses in the present analysis, 
so that we cannot neglect the "axial-vector" bosons. When we include the "axial-vector" 
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meson A, as well as the baryonic and anti-baryonic "axial- vector" bosons, Ab + and Ab_ 
(see Table ITH|) . the A will mix with baryonic and anti-baryonic "vector" bosons, Vb + and 
Vb__, and Ab + and Ab_ will mix with u meson for //g > M^. The effect of mixing among A, 
Vb + and Vb_ will make vny B lighter since mv B+ is the smallest among three at ps = 
As a result, the becomes more stable than that shown in FIG. HI and the lattice data 

will be reproduced. This strongly suggests that there is a large mixing among A, Vb + and 
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This indicates that 
7| is nothing but m VB+ 



Vb_ for heavy ns such as the one adopted in the lattice analysis 
the mass of isovector meson with J p = 1 + shown in FIG. 2 of Ref. 
observed through the large mixing. On the other hand, the mixing among Ab + , Ab_ and uj 
will generally break the degeneracy between the p and u mesons as shown in e.g. Ref. 8[, 
which does not seem to agree with the lattice result. Then, the mixing expected to small 
enough to reproduce the lattice result. 



Field 


Generator 




B J p 


A l,2,3 


X l,2,3 


1 


1+ 


A B+ = (A 5 -iA*)/V2 


(X 5 - iX 4 )/V2 





+1 1" 


A B _ = (A 5 + iA 4 )/V2 


(XS + iX 4 )/^ 





-1 1- 



TABLE III: Summary of the "axial-vector" fields 



5. SUMMARY AND DISCUSSIONS 

In this paper, we constructed a low energy effective Lagrangian for the two-color QCD 
including the "vector" bosons (mesons with J p = 1~ and diquark baryons with J p = 1 + ) in 
addition to the pseudo Nambu-Goldstone bosons (mesons with J p = CF and baryons with 
J p = + ) based on the chiral symmetry breaking pattern of SU(2Nf) — > Sp(2Nf) in the 
framework of the hidden local symmetry (HLS). The "vector" bosons were introduced as 
the gauge bosons of the Sp(2Nf) HLS. In the HLS formalism, the "vector" bosons and the 
external chiral gauge bosons are included independently, so that we can naturally incorporate 
the chemical potential ps as the vacuum expectation value (VEV) of the external gauge 
boson for baryon number. 

We studied the vacuum structure of the model in the case of Nf = 2 introducing the 
effects of current quark masses and the baryon chemical potential into the leading order 
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Lagrangian. We found that the time component of "w" meson has a VEV for any /jg, as 
in the ordinary three-color QCD. As a result, the phase structure is the same as the one 
determined by including only the pseudo-NG bosons [3|: For /xg > M n , the baryonic pion 
(J p = + state) condenses, which causes the spontaneous breaking of the baryon number 
symmetry, U(1)b- 

We investigated the /xg-dependences of the "vector" boson masses and found that the 
mass of anti-baryon with J p = 1 + (Vg_) increases for /xg < M n and turns to decrease for 
Hb > M w . The mass of baryon with J p = 1 + (Vg + ) shows the opposite behavior. These 
behaviors of the baryons signal the phase transition of U(1)b breaking in two-color QCD at 
finite density 

At the leading order the vector mesons with J p = 1~ (p and u mesons) do not change 
their masses at all. Furthermore, Vg_ does not mix with Vg + , even though the baryon 
number U(1)b symmetry is spontaneously broken for /jb > M v . 

We studied the effects of higher order terms and obtained the corrections to the masses of 
the "vector" bosons. We assumed that the vacuum structure is not changed, which left only 
two free parameters C\ and C<i- The positive (negative) C2 provides a negative (positive) 
contribution to all the "vector" boson masses equally. On the other hand, the effect of 
nonzero C% produces the mass difference between m p and m u , and this difference is linked 
to the mixing strength between Vg + and Vb_ ■ This relation is obtained from the symmetry 
breaking pattern and the assumption that all the bosons other than it and V are heavy 
enough to be neglected in the Lagrangian. Thus, a violation of this relation (Eq. ( 14. 9\\ ) may 
signal a new phase transition. 

n 

Comparison with the lattice data in Ref. [7J strongly suggests that there is a large mixing 
among A, V B; and V B _ for hea^ „ snch as the one adopted in Ref. fl. Thi s indicate, that 
the mass of isovector meson with J p = 1 + shown in FIG. 2 of Ref. |7J is nothing but mv B+ 
observed through the large mixing. 

We make a comment on the analysis done in Ref. js]. When the "axial- vector" bosons 
are taken to be heavy in their model and integrated out, the model becomes identical to 
the HLS model with the parameter choice C\ — C2 — 2(Ms/Mx) 4 /g 2 , where Ms and Mx 
express the masses of "vector" bosons and "axial-vector" bosons in their model. As can be 
seen easily from Eq. (4.6), the choice C\ = C2 implies that the p meson mass m p is stable 
against the density as shown in Ref. js]. 
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The present analysis is valid when the "axial- vector" bosons (mesons with J p = 1 + and 
baryons with J p = 1~) are heavy. When the "axial-vector" bosons are light, we need to 



include these states. This can be done in the framework of the generalized HLS 10|, [19]. 
Using this formalism, we may investigate the phase structure in the range of [ib wider than 
that studied in the present analysis. We hope to obtain a clue to understand the real-life 
QCD with three colors at finite baryon density through these analyses. 
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Appendix A: QCD Lagrangian with external source fields 

In this appendix, we give the QCD Lagrangian with the external source fields. 
We start with the ordinary QCD Lagrangian with Nf massless quarks: 

£qcd = -\^\G vp G vp \ + i>i v D^, (A.l) 

where 

D u ip = (d u - ig s G u )ip, 

G vp = d v G p - dpG u - ig s [G v , G p ], (A.2) 

with G v and g s being the gluon field matrix and the gauge coupling constant. Note that 
the gluon field matrix is expressed as G u = Cr"y where r a is the Pauli matrix of SU(2) co i OT 
defined as 




(A.3) 
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We include external scalar and pseudoscalar source fields S and V, as well as scalar and 
pseudoscalar diquark source fields Q and 1Z # 6 as 

£ext-scalar = + W + "[^(TsQ + lTl)lT 2 ^ + (h.c)]. (A.4) 

The vector and axial-vector external gauge fields V M and A 11 as well as diquark external 
gauge fields carrying J p = 1 + and 1~ and V 1 ) are included as 

£cxt-vcctor = ^7m(V m - + ^[VC^(B» - lh V»)iT^ + (h.c)]. (A.5) 

These external fields satisfy the following conditions: 

5+ = 5, P f =P, (V^V 4 , (^) t = ^, 

Q T = -Q, K T = -K, {B») T = B^ (V») T = -V». (A.6) 
Now, the total Lagrangian is given by 

£qCD = -^QCD + ^ext-scalax + ^ext-vector • 

(A.7) 

It is convenient to introduce two- component spinors qi and q R in such a way that the 

( q{ \ 

four- component spinor ip is expressed as ip l = , where i denotes the flavor index. 

Then, the kinetic term of quarks is rewritten as 

J d'xi^D^ = J d 4 x {iql^D'ql + iq^D^), (A.8) 

where we use the following form of the gamma matrices: 

( " ' ) ( ° ™). (A,) 

From the form given in Eq. (1A.8j) the existence of the SU(2Nf) flavor symmetry is seen as 
follows: Since the fundamental representation of SU(2) co i OI as well as that of SU(2) spill is 
the pseudreal representation, a combination of &iTiq* R has the same transformation property 



# 6 Q and TZ are color-singlet states in two-color QCD. This can be seen from the existence of iti = e and 
the charge-conjugation matrix C = 17270 in Eq. (|A.4j) . 
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as qi under the SU(2) co \ OI symmetry as well as under the Lorentz symmetry. Then, by 
introducing the field ^ as 



/ 



Nf 

Ql 
a 2 T 2 q* Rtl 



(A.10) 



the kinetic term in Eq. (1A.8j) is rewritten as 



This is invariant under the SU(2Nf) transformation of \1/ given as 

M> g*, (g E SU(2N f )). 



(A.ll) 



(A.12) 



Similarly, using the field we rewrite £ ex t-scaiar and £ ext _ vector in Eqs. (1A.4jl and (I A. 5 1) as 

(A.13) 

where \ and are external fields of 2Nf x 2Nf matrices defined as 



£ cx t-scalar = \^ + (M, £ext-vector = ^V^G"*, 



X 



Q-iR -{S-iVf 
S-iR (Q + iTZy 



Transformation properties of the external fields under SU(2Nf) are given by 



(A.14) 
(A.15) 



(A.16) 



Appendix B: Explicit realization of the 5C/(4) generators 



In this appendix, we show the explicit representation of the generators of 577(4). We con- 
sider the form of the generators following Ref. [8| for convenience. They can be represented 
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as 

I ( A B \ l ( C D , 

5° = — = , X a = — , (B.l) 

where A is hermitian, C is hermitian and traceless, B T = B and -D T = — D. The {5} are 
also Sp(i) generators since they obey Eq. (12. ip . We define 

1 / r a \ 

S a = —\ , (a = 1,2,3,4). B.2 

2V2 y -(r a f J 

For a = 1, 2, 3, we have the standard Pauli matrices, while for a = 4 we define r 4 = 1. 
These are simply the generators for SU(2) x U(l). For a = 5, 10 

1 / £ ( 
27! \ (B a V 



If B c , 

S a = —=\ , (a = 5, ...,10), (B.3) 



and 

B 5 = 1 2 , £? 6 = zl 2 , B 7 = r 3 , 5 s = it 3 , B 9 = r\ B 10 = it 1 . (B.4) 
The five broken generators {X} are 

I I T a \ 

X a = —\ , (a = 1,2,3), (B.5) 

2V2 y (r a ) r y 

where r a are the standard Pauli matrices. For a = 4, 5 

1 / L> a \ 

X a = — =[ , (a = 4, 5), (B.6) 
2V2 I (D a Y / 

and 

D 4 = r 2 , D 5 = iT 2 . (B.7) 
The generators are normalized as follows: 

tT(S a SP) = ~5 a ?, tr(X a X b ) = ^S ab , ti(S a X a ) = 0. (B.8) 

Appendix C: 0(p 4 ) HLS Lagrangian 

In this appendix, we present a complete list of the 0(p A ) HLS Lagrangian for general Nf 
and Nc = 2, following Refs. jll[ For the construction, we need the building blocks 

= ±[&EG£,E& + fcG^l], -V = ^[^SG^S^ - fcG^t], (C.l) 
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where G^ is the filed strength of the external chiral gauge fields defined as 

G>k = d^G v — dyG^ — i[G^, G v \. (C.2) 



From Eq. ( 1C.1I) together with other building blocks in TABLE HI a complete list of the 0(p 4 ) 



Lagrangian invariant under the C and P transformation is constructed as 

£(4) = £(4)y + £(4)w + £(4)z, (C-3) 

where 

+ 2/3tr[a|| jU Q!|| t Q!|| y Q!||] + y 4 tr [a^a^a^ } 

+ y5tr[a± ll a^_a\\ u a^] + 2/6tr[d_ LAt d_ L! ,dj| t dj|] + y7tr[a ±fl a± u a^a^] 
+ y8{tr[a± ll a^a± l/ a^} + ti[a± fl a\\ u a u ± a^]} + y 9 ti[a± l _ l a\\ u a1a^} 
+ y w (tT[a ±fl a^]) 2 + yiitr{a± fi a±v}tr{a p L a v L \ 
+ y 12 (tr[a llfl a^}) 2 + y 13 tr[a|| M a|^]tr[apj|] 

+ 2/utr[o;_L /Lt Q!^]tr[Q;|| ! ,Q;f|] + yi 5 tr[d_ LM d_ L! ,]tr[dj| t dj|], (C.4) 

f 2 f 2 
£(4)w = w 1 ^tr[a ±ll a p L (x + X f )] + w 2 ^tr[d_L M d^]tr[x + x f ] 

J TV J TT 

f 2 f 2 

+ W3-^tr[ay6^(x + X 1 )] + ^4-7§tr[d|| M dJ]tr[x + x f ] 
+ w 5 -|tr[(dj[d^ - d ±M dJ)(x - x f )] 
+ W6 5tr[(x + ^) 2 ] + wM(tr[x + X ] }f 

J TV J TV 

+ wJf 2 ti[{ X - X ] ) 2 } + wM(tx[ X - x f ]) 2 , (C.5) 

J TV J TV 

£( 4)2 = ^itr[V^V M 1 + z 2 tr[A flI/ A^} + z 3 tr[V^V^\ 
+ z^trfV^d^d^] + i2 5 tr[V^„dfj t djp 

+ zzgtr[V ^a^a^] + z^trfV^ajl'dfj'] — zzgtrLA^d^dn + d^d^)]. (C.6) 
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